MATH 147: GUIDELINES AND PRACTICE PROBLEMS FOR EXAM 2

Topics covered on Exam 2.

(i) Double integrals via iterated integrals and Fubini’s Theorem. Interchanging the order of integration.
(ii) Double integrals via polar coordinates.
(iii) Improper double integrals.
(iv) Various transformations of R?, their Jacobians and inverses, especially linear transformations, the
one-to-one property.
) Double integrals using the change of variables formula.
(vii) Triple integrals, Fubini’s theorem, and changing the order of integration.
i) Various transformations of R3, their Jacobians, including spherical and cylindrical transformations.
) Solving triple integrals with a change of variables formula, including spherical and cylindrical coor-
dinates.
(x) Students should be able to state various definitions and answer true-false questions about topics

covered since the first exam.

Practice problems.

1. OS Chapter 5: # 105: Find the volume under the graph of z = x> above the region D in the plane
bounded by # = sin(y),z = —sin(y),z = 1, with § <y < 3%,

Solution. Without loss of generality, we interchange the roles of z and y, so that we want [ [ I y3 dA, with
D pictured below.

where the brown line is that portion of y = sin(z) with § < 2 < 7 and the blue line is that portion of

y = —sin(z), with1 < 2 < 37” The green line is the corresponding part of y = 1. Thus, the volume in
question is:
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To calculate these integrals, we will need the formula sin?(z) = % — 2 cos(22) + %cos(élac)7 which can be

derived from the double angle formulas for sine and cosine. For the first of the two integrals we have
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Either by symmetry or essentially the same calculation, the second integral also equals g—z. Thus the required

tq DT St __ 57
volume is g7 + g7 = 35-

5. OS Chapter 5: #389: This problem asks to find the area of the triangle R:

[

by finding a linear transformation T from the uv plane such that 7'(0,0) = (0,0),7(1,0) = (2,0), and
T(0,1) = (1,3). This transformation will then take the triangle S in the uv-plane with vertices (0,0), (1,0),
(0,1) to R.

Solution. From class we seen that we can take T'(u,v) = (2u + v, 3v). It is easy to check that Jac(T) = —3,

so that |Jac(T)| = 3. Thus,
area(R) = // dA
R

://Sdu dv
s
= 3 - area(S)
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as expected.



5. OS Chapter 5: #391. Calculate [ [,(y* — xy) dA, for R
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for the given transformation.

Solution. The equations u = y — z and v = y, can be rewritten as x = v — u and y = v, which tells
us our transformation should be T'(u,v) = (v — u,v). Substituting the vertices of R into the equations
u=y—x,v =y yields, vertices (0,0), (-1,0), (-1,1), (0,1) in the uv-plane, so that T transforms the rectangle
S =[-1,0] x [0,1] in the uv-plane to R in the zy-plane. IT is easy to see that Jac(T)| = 1, so that
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5. OS Chapter 5: #431. Find the volume of the solid bounded by the cylinder z2 + y? = 16, from z = 1 to
r+z=2.

Solution. We are finding the volume of the solid between the planes z = 1 and z = 2 — x, above the disk

D : 0 < 22 + 42 < 16 in the zy-plane. Notice that if + > 1, then 2 — 2 <1l andif 2 <1, then 1 < 2 — z.
Thus, the volume we seek is:

V16—x2 V16—z2
/ / 2—x—1dydx+// 1—(2—2)dyds (%)
V16—z2 V16—x2

For the first integral in (x) we have

V16—22 V16—z2
/ / 2—m)—1dyda:—/ / 11—z dydz
V16—22 V16—22

y=v16—22
:/ (I-2)y dx
-4 y=—V16=27

1
:2/ (1 —2)V16 — 422 dx
—4

~ T1.78,

the last single integral being worked numerically, though one could use the standard (complicated) formula
for [v/1— 2?2 dx typically found on the inside cover of a calculus book. Similarly, second integral in (%) is
approximately 21.51, so the required area is approximately 93.29.
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2. Calculate [ [, (x+y) dA, for D

using the transformation G(u,v) = (347, 737)-

Solution. We need to find the region R in the uv-plan that G(u,v) transforms to D. We use the equations
of the lines bounding D. If y = z, then {7 = 745, from which we get v = 1. Similarly, the equation y = 2
yields v = 2. The hne in the xy plane containing (0,3) and (3,0) is y = —z + 3. If we solve the corresponding

equation %5 = — %5 + 1 for u we get v = 3. Similarly, the lime through (0,6) and (6,0) in the zy plane

gives rise to u = 6. Thus, the region R in the uv-plane is bounded by the lines v =1,v =2, u = 3,u = 6, so
that R = [3,6] x [1,2]. Calculating the Jacobian, we get

5(%2/) — det . (v+1)2 _ u T uv _ u .
8(u, ’U) vil (Ufl)z ('U + 1)3 (U + 1)3 ('U + 1)2
Since 3 < u < 6, we have |ggizg| = (v+1)2 Thus,

//D(a:+y) dA:/6/2(vil+vlfl).(vj:l)2 o du
// v+1 dv du

— 1)72
—/3u( v—l—l) du
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:6/ u? du
3
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3. Calculate [ [}, e dA, for D the region

20t

107

by using the inverse of the transformation F(x,y) = (zy, x%y). Explain carefully how you obtain the domain
of integration in the uwv-plane

Solution. To find G(u,v), the inverse of F(z,y), we use the equations u = xy and v = 2%y to solve for
x and y in terms of u and v. These equations give 7 = y = -5, and thus, ¥ = -5 yields z = £. Since

4



y = %, we infer y = “72 Thus, G(u,v) = (2, "72) Note that when zy = 10 and zy = 20, then v = 10
and u = 20. This shows that G(u,v) takes the lines u = 10 and u = 20 in the wv-plane to the hyperbolas
2y = 10 and zy = 20 in the zy-plane. Similarly, G(u,v) takes the lines v = 20 and v = 40 in the uv-plane
to the graphs of 22y = 20 and 2%y = 40 in the zy-plane. Now let’s look at the four corners of the rectangle
R in the uwv-plane determined by the lines u = 10,u = 20,v = 20,v = 40. The lower left corner is (10, 20).
G(10,20) = (2,5) which is the lower left corner of the region D. G(10,40) = (4, 2.5) which is the lower right
corner of D. Similarly, G(u,v) takes the other two corners of R to the remaining corners of D, so it follows
that G transforms R into D (by continuity of G(u,v) and the fact that for the point (10, 30) in the interior
of R, G(10,30) = (3,12) lies in the interior of D).

For the absolute value of the Jacobian of G(u,v) we have

o(z,y) -5 L 1 1
= =ldet [ ,47 ua )| === ==
%Ww) Tha oy o

Thus,

40 20 1
//ezydA: / e — du dv
D 20 J10 v
0

4 1
= / (€20 — 0. = dv
2

0 v
= (e*" —¢!9) /4011) dv
= (e*® — ¢'%) - (In(40) — In(20)) = (e** — ') - In(2).

4. [ [pvxT+y(x —y)? dA, where D is the region bounded by the lines = 0,y = 0.z +y = 1.

Solution. Because the integrand has no obvious ant-derivative with respect to either variable, we try to
simplify it with a change of variables. If we choose v and v so that u = z 4+ y and v = = — y, then integrand
then becomes \/uv?, which we can anti-differentiate. We can solve the system of equations v = z + y and
v =z —y for x and y in terms of v and v and this will give the required change of variables. Upon doing so,

we have x = “JQFU and y = “5%. Call this transformation G(u,v). From this, it follows that
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region D in the xy plane, which is the triangle below:

from which we get ‘ = % We now have to see what region in the uv-plane gets transformed to the
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One edge of the triangle D is x + y = 1. In terms of w and v, this equation becomes v = 1. Thus, G(u,v)
transforms the line u = 1 in the wv plane to the line z +y = 1 in the zy-plane. Similarly, the equation z = 0
in terms of v and v becomes u = y, v = —y, so that v = —u, while the equation y = 0 yields u = z,v = z,
so that v = u. Thus, if we let Dy be the region in the uv-plane bounded by the lines u = 1, v = —u, and
v = u,



05

we see that G(Dg) = D. Thus,
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5. [ [, ——= dA, where D is the disk centered at the origin in R? with radius R.
b (I2+y2)

Solution. This is an improper double integral, as f(z,y) is unbounded on D (since lim g, ) 0,0y f(, ) tends
to infinity). Let D, denote the region €* < 22 4+ y* < R?, and we consider lim._o [ [, f(z,y) dA. If this

limit exists, it equals [ [, ﬁ dA. We have
y>

i | [ s aa=pm [ [ My @it
2m

= lim / = r dr df

e—0
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2m
= lim / —3rdr do

e—0

27r
= lim / =2 dr df

e—0

= lim d9

e—0 0
27
= lim 2(\/E —e) db
e—0 0
= lim 47 (VR — \/€)
e—0
= 47VR.

6. [ fpoe ™ Y dA.



Solution. Letting Sg denote the sphere for radius R centered at the origin, we have

// eV’ JA = lim // eV dA
R2 R—o0 SR

27 R R
= lim / e " rdrdf
R—o0 0 0
R 2
=27 lim e " rdr
R—o0 0
1 ol
=27 lim —e
R—o0 0

1 2 1
=927 li _—,R -
Tam {=ge T 430

=T.
[/ ﬁ dA, where D is the set of points in R? satisfying 2 < 2 < oo and 2 < y < oo.

Solution. We may test convergence of the double integral by integrating increasing rectangles (or squares)
whose lower left corner is (2,2). Let D, denote the square [2,a] X [2,a] with 2 < a < co. If the limit exists
as a — 00, it equals [ [, ﬁ dA.

1 @ re
a— o0 D, X y a— o0 2 2 e y
a Yy=a

1
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¢ 1 1
=1 —— 4+ —d
A 5 ax? + 222
1 I
= lim (— — —)
a—ooar  2x°|,_,
1 1 1 1

8. Compare your answer in problem 7 with ( f;o %2 dr)?. Can you explain the relation between these two

answers?

Solution. A calculation similar, though easier, than the one above shows that lim, ..o f; ?12 dr = % The
answer in problem 12 is the square of the answer in problem 11, since

a a 1 a a 1
—— dy dx = —— dyt d
Jo g toae= [, g
| ¢ 1
= — — dy} dz
/ng{/2 " y}
¢ 1 41
—{L?dy}éﬁdx

@1
= 7dy2u
{/2 5 dy)

and the limit of a square is the square of the limits, assuming both limits exist.
9. OS, Section 5.4: # 233, 241, 245, 281.

233. Solution: The key point is to insure that the plane z + y + z = 9 does not intersect domain in the
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zy-plane. The required triple integral is
2 T—x 9—x—y
/ / / dx dy dx.
o Ja241 Jo

241. The required triple integral in cylindrical coordinates is

T 3 1
/ //zwdzdrdé).
o Jo Jo

245. In cylindrical coordinates, the integral is

0 2 3
/ / / e’ -rdzdrdb,
T 1 2

where 6 is the upper bound of the polar region

Using that « = v/3y and 22 + y? = 1 (say), the intersection of the line with the circle of radius one, occurs

when z = 7@ and = f%, so that 0 = %’r.

281. The equation of the sphere can be re-written as x2 + y2? + (z — 1)? = 1, which in spherical coordinates
becomes p = 2cos(f). As in previous examples finding the volume between a sphere and a cone, we need
the angle the cone makes with the z-axis. The cone is easily seen to be a 45 degree cone, so that 0 < ¢ < 7.
Thus, the required triple integral is

27 z 2 cos(¢)
/ / / p*sin(¢) dp de db.
0 0 0

In cylindrical coordinates, the cone is z = r and the sphere is z = /1 — r2 4+ 1. Setting these equations equal
to each other gives r = 1, which means the domain of integration in the xy-plane is the unit circle centered
at the origin. Thus, in cylindrical coordinates, the required integral is

2 1 V1—-r241
/ / / r dz dr df.
0 0 r

10. Calculate [ [ [ 4?2% dV for B the solid bounded by the paraboloid # = 1 —y* —z* and the plane z = 0.
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Solution. If we let D denote the unit disk in the yz-plane, then

1—y?—22
///yzszVz/// y22% dz dA
B D Jo
://(1—y2—z2)y222 dA
D

:/o ”/0 (1 = %) (1 cos(#))?(rsin(0))?* rdrdf
- /27T /1(7”5 — ") cos?(#) sin?(0) drdd
1 1

= (6 — g)/0 cos?(6) sin®(0) do

1 711
=— — — —cos(40) df (double angle formula twice)
24 ), 8 8
1 0 1
— — {2 _ —gin(4 27
21 {5~ 3 0o
1o
2408
-
- 96

11. Calculate [ [ [ 2%\/a? +y? + 22 dV, for B the solid hemisphere with radius 1 and z > 0.

Solution. Using spherical coordinates,
27 z 1
/// B2+ y2 + 22 dV = / /2 / (pcos(4))>\/ p2p* sin(¢) dpopdh
B o Jo Jo

T

=2 6 cos®(¢) si dpd
r / / o5 cos* () sin(6) dpde
27

us
2

== cos®(¢) sin(¢) do

7 0
_ 2 (_0084(9)) 2
T 4 |,
-
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12. These problems were selected at random because they looked interesting. It turns out that computa-
tionally they are difficult, for no apparent reason other than making the computation difficult. Answers are
given (mostly) in the handwritten pages that follow. Lagarange multiplier problems on the exam will not
be so computationally difficult.



